Abstract. This is the third and the last paper in a series of papers on spectral and scattering theory for the Schrödinger operator on a manifold possessing an escape function, for example a manifold with asymptotically Euclidean and/or hyperbolic ends. Here we discuss the time-dependent scattering theory. A longrange perturbation is allowed, and scattering by obstacles, possibly non-smooth and/or unbounded in a certain way, is included in the theory. We also resolve a conjecture by Hempel-Post-Weder on cross-ends transmissions between two or more ends, formulated in a time-dependent manner.
. For a review of scattering by an unbounded obstacle in R d as studied in [Co, Il] we refer to [Ya2] .
Our theory includes a generalization of asymptotic completeness on the Euclidean space stated in terms of a "time-dilated" comparison dynamics by Yafaev [Ya1] . In its simplest form given for H = − 1 2 ∆ on the Euclidean space R d it amounts to the comparison (using spherical coordinates (r, σ)) e ±itH f (r, σ) ≈ r (1−d)/2 e ±ir 2 /(2t) t −1/2 φ ± (r/t, σ) for t → ∞,
and showing a unitary correspondance f ↔ φ ± . The virtue of this type of comparison dynamics is its simplicity and, more importantly, that it can be generalized to manifolds without invoking micro-local analysis (for example the Fourier transform). It was used in [IS1] to obtain the asymptotic completeness on a manifold with asymptotically Euclidean ends of short-range type by a time-dependent method. In this paper we develop a time-dependent theory applicable to both asymptotically Euclidean and hyperbolic ends of long-range type, and moreover we show a relationship between the time-dependent and stationary wave operators, the latter of which been constructed in [IS3] . More precisely, let F ± be the future/past stationary wave operators of [IS3] and W ± be the time-dependent operators of this paper. Then we show that
(1.1)
These are relationships for general long-range models. However under additional conditions more specialized wave operators of 'Dollard type' are constructed by a time-dilated comparison dynamics modeled after Dollard's construction on the Euclidean space [Do] . Deducing from (1.1) we then obtain similar results for the simplified Dollard type operators. Moreover yet similar formulas are obtained under short-range conditions. In particular the latter formulas complement the purely time-dependent theory of [IS1] . We use the Cook-Kuroda method to show the existence of the time-dependent wave operators in the most general setting. Asymptotic completeness is then a consequence of (1.1) (and its simplified versions), see [II] for a similar application of stationary scattering theory in the Euclidean context. Another result of this paper is a resolution of a conjecture of [HPW] on crossends transmissions on a manifold with two or more ends. We give a time-dependent formulation in a strong form, see Corollary 2.2. Again the result is a consequence of the stationary theory [IS3] . In fact we believe that stationary theory is essential not only for our proof but for any conceivable proof. This is in contrast to asymptotic completeness of time-dependent wave operators. Although the stationary theory is important for our procedure of proof, the highly 'symmetric' arguments of [IS1] would plausibly extend in a modified form to provide a purely time-dependent proof of asymptotic completeness. However this is not pursued by us partly because in general such procedure seems to require other conditions (and whence would not yield a strict improvement) compared to the approach given in this paper.
1.1. Setting and review. Our paper is a direct continuation of [IS2, IS3] , and we start by recalling the setting and various results from there. This section exhibits only a minimal review, and we refer to [IS2, Subsection 1.2] for several examples of manifolds satisfying the abstract conditions appearing below.
1.2. Basic framework. We assume an end structure on M in a somewhat disguised form.
Condition 1.1. Let (M, g) be a connected Riemannian manifold of dimension d ≥ 1. There exist a function r ∈ C ∞ (M) with image r(M) = [1, ∞) and constants c > 0 and r 0 ≥ 2 such that:
(1) The gradient vector field ω = grad r ∈ X(M) is forward complete in the sense that the forward integral curve (x(t)) t≥0 of ω is defined for any initial point x = x(0) ∈ M. (2) The bound |dr| = |ω| ≥ c holds on {x ∈ M | r(x) > r 0 /2}.
Under Condition 1.1 each component of the subset E = {x ∈ M | r(x) > r 0 } is called an end of M, and, along with Condition 1.2 below, the function r may model a distance function there. We note that by Condition 1.1 (2) and the implicit function theorem the r-spheres S R = {x ∈ M | r(x) = R}; R > r 0 /2, are submanifolds of M. We will later in this section introduce corresponding spherical coordinates on E.
Let us impose more conditions on the geometry of E in terms of the radius function r. Choose χ ∈ C ∞ (R) such that χ(t) = 1 for t ≤ 1, 0 for t ≥ 2,
and set η = 1 − χ(2r/r 0 ),η = |dr| −2 η = |dr| −2 1 − χ(2r/r 0 ) .
(1.3)
We introduce a "radial" differential operator A: 4) and also the "spherical" tensor ℓ and the associated differential operator L:
(1.5)
In the spherical coordinates, the tensor ℓ may be identified with the pull-back of g to the r-spheres. We call L the spherical part of −∆. If |dr| = 1 then −L acts as the Laplace-Beltrami operator on S r (in general as a kind of perturbation of this operator). We remark that the tensor ℓ clearly satisfies 6) where the first bounds of (1.6) are understood as quadratic form estimates on the fibers of the tangent bundle of M. Let us recall a local expression of the Levi-Civita connection ∇: If we denote the Christoffel symbol by Γ k ij = 1 2 g kl (∂ i g lj + ∂ j g li − ∂ l g ij ), then for any smooth function
(1.7)
Note that ∇ 2 f is the geometric Hessian of f . Condition 1.2. There exist constants τ, C > 0 such that globally on M
(1.8a)
In addition, there exists σ ′ > 0 such that for all R > r 0 /2, and as quadratic forms on fibers of the tangent bundle of S R ,
where ι R : S R ֒→ M is the inclusion map.
The second bound of (1.8a) is not necessary for the results of [IS2] , but it is for [IS3] and this paper. We note that Condition 1.2 and the identity
was used in [IS2] to obtain the more practical version of (1.8b): For any σ ∈ (0, σ ′ ) and τ as in Condition 1.2 there exists C > 0 such that globally on M r ∇ 2 r − 1 2η
If |dr| = 1 for r > r 0 /2 then (1.10) is fulfilled with σ = σ ′ and any τ . Next we introduce an effective potential:
Here we remark that
(1.12) Condition 1.3. There exists a splitting by real-valued functions:
such that for some ρ ′ , C > 0 the following bounds hold globally on M:
(1.13) Now let us explain the self-adjoint realizations of H and H 0 . Since (M, g) can be incomplete, the operators H and H 0 are not necessarily essentially self-adjoint on C ∞ c (M). We realize H 0 as a self-adjoint operator by imposing the Dirichlet boundary condition, i.e. H 0 is the unique self-adjoint operator associated with the closure of the quadratic form
We denote the form closure and the self-adjoint realization by the same symbol H 0 . Define the associated Sobolev spaces H s by
(1.14)
Then H 0 may be understood as a closed quadratic form on Q(H 0 ) = H 1 . Equivalently, H 0 makes sense also as a bounded operator H 1 → H −1 , whose action coincides with that for distributions. By the definition of the Friedrichs extension the selfadjoint realization of H 0 is the restriction of such distributional H 0 : H 1 → H −1 to the domain:
Since V is bounded and self-adjoint by Conditions 1.1-1.3, we can realize the selfadjoint operator H = H 0 + V simply as
In contrast to (1.14) we introduce the Hilbert spaces H s and H s± with configuration weights:
We consider the r-balls B R = {r(x) < R} and the characteristic functions
where F (Ω) = 1 Ω is used for the characteristic function of a subset Ω ⊆ M. Define the associated Besov spaces B and B * by 16) respectively. We also define B * 0 to be the closure of C ∞ c (M) in B * . Recall the nesting:
(1.17)
Let us introduce an auxiliary space:
This is a space of functions that intuitively satisfy the Dirichlet boundary condition, although possibly with infinite H 1 -norm on M. Note that under Conditions 1.1-1.3 the manifold M may be, e.g. a half-space in the Euclidean space (see [IS2, Subsection 1.2]) , and there could be a 'boundary' even for large r, which in our framework appears 'invisible' from inside M (see Remark 1.13 for some elaboration). Recall a similar interpretation of the space H 1 .
1.3. Review of results from [IS2] . Now we gather and review the main results from [IS2] . Our first theorem is Rellich's theorem, the absence of B * 0 -eigenfunctions with eigenvalues above a certain "critical energy" λ 0 ∈ R defined by
(1.18)
For the Euclidean and the hyperbolic spaces and many other examples the critical energy λ 0 can be computed explicitly, and the essential spectrum is given by σ ess (H) = [λ 0 , ∞). The latter is usually seen in terms of Weyl sequences, see [Ku] .
Theorem 1.4. Suppose Conditions 1.1-1.3, and let
Next we discuss the limiting absorption principle and the radiation condition related to the resolvent R(z) = (H − z) −1 . We state a locally uniform bound for the resolvent as a map: B → B * . For that we need a compactness condition.
Condition 1.5. In addition to Conditions 1.1-1.3, there exists an open subset I ⊆ (λ 0 , ∞) such that for any n ≥ 0 and compact interval I ⊆ I the mapping χ n P H (I) : H → H is compact, where P H (I) denotes the spectral projection onto I for H.
Due to Rellich's compact embedding theorem, "boundedness" of r-balls provides a criterion for Condition 1.5: If each r-ball B R , R ≥ 1, is isometric to a bounded subset of a complete manifold, Condition 1.5 is satisfied for I = (λ 0 , ∞).
We fix any σ ∈ (0, σ ′ ) and then large enough C > 0 in agreement with (1.10), and introduce the positive quadratic form
For any subset I ⊆ I we denote
respectively. We also use the notation T φ = φ, T φ . Theorem 1.6. Suppose Condition 1.5 and let I ⊆ I be a compact interval. Then there exists C > 0 such that for any φ = R(z)ψ with z ∈ I ± and ψ ∈ B
(1.19)
In our theory the Besov boundedness (1.19) does not immediately imply the limiting absorption principle, and for the latter we need also radiation condition bounds implied by minor additional regularity conditions. Condition 1.7. In addition to Condition 1.5 there exist splittings q 1 = q 11 + q 12 and q 2 = q 21 + q 22 by real-valued functions
and constants ρ, C > 0 such that for k = 0, 1
Our radiation condition bounds are stated in terms of the distributional radial differential operator A defined in (1.4) and an asymptotic complex phase a given below. Pick a smooth decreasing function r λ ≥ 2r 0 of λ > λ 0 such that 20) and that r λ = 2r 0 for all λ large enough. Then we set
respectively, where the branch of square root is chosen such that Re √ w > 0 for w ∈ C \ (−∞, 0]. Note that for z ∈ I there are two values of a which could be denoted a ± . For convenience we prefer to use the shorter notation. Note also that the phase a of (1.21b) is an approximate solution to the radial Riccati equation
in the sense that it makes the quantity on the left-hand side of (1.22) small for large r ≥ 1. The quantity b of (1.21a) alone already gives an approximate solution to the same equation, however with the second term of (1.21b) a better approximation is obtained. Set
(1.23)
Here and henceforth we consider σ ∈ (0, σ ′ ) as a fixed parameter.
Theorem 1.8. Suppose Condition 1.7, and let I ⊆ I be a compact interval. Then for all β ∈ [0, β c ) there exists C > 0 such that for any φ = R(z)ψ with ψ ∈ r −β B and 24) respectively.
The limiting absorption principle reads.
Corollary 1.9. Suppose Condition 1.7, and let I ⊆ I be a compact interval. For any s > 1/2 and ǫ ∈ (0, min{(2s − 1)/(2s + 1), β c /(β c + 1)}) there exists C > 0 such that for k = 0, 1 and any z, z
In particular, the operators p k R(z), k = 0, 1, attain uniform limits as I ± ∋ z → λ ∈ I in the norm topology of B(H s , H −s ), say denoted 26) respectively. These limits p k R(λ ± i0) ∈ B(B, B * ), and R(λ ± i0) : B → N ∩ B * .
Given the limiting resolvents R(λ ± i0) the radiation condition bounds for real spectral parameters follow directly from Theorem 1.8. Corollary 1.10. Suppose Condition 1.7, and let I ⊆ I be a compact interval. Then for all β ∈ [0, β c ) there exists C > 0 such that for any φ = R(λ±i0)ψ with ψ ∈ r −β B and λ ∈ I 27) respectively.
For the Euclidean and the hyperbolic spaces without potential V we can assume β c ≥ 1 − ǫ for any (small) ǫ > 0 (in fact since (1.10) is fulfilled with σ = σ ′ in these cases we can assume β c ≥ 1).
As another application of the radiation condition bounds we have characterized the limiting resolvents R(λ ± i0). For the Euclidean space such characterization is usually referred to as the Sommerfeld uniqueness result. Corollary 1.11. Suppose Condition 1.7, and let λ ∈ I, φ ∈ L 2 loc (M) and ψ ∈ r −β B with β ∈ [0, β c ). Then φ = R(λ ± i0)ψ holds if and only if both of the following conditions hold:
Let r ≥ r 0 , dA r be the naturally induced measure on S r and
Recall the co-area formula implying that for all integrable functions φ supported in 29) in particular that for square integrable functions
We can describe the measure dÃ r in some details using the following condition.
Condition 1.12. Let (M, g) be the manifold, r be the function and c and r 0 be the constants of Condition 1.1. 
We note 30) and that any x ∈ E ex := {x ∈ M ex | r ex (x) > r 0 } has spherical coordinates defined as
In particular any x ∈ E has spherical coordinates defined this way. Mimicking the constructions (1.28) we introduce
in terms of the naturally induced measure dA ex . Now, indeed in spherical coordinates
This leads to the isometrical embedding G r ⊆ G, r ≥ r 0 , given by mapping G r ∋ ξ r → ξ ex ∈ G where
(1.32)
The formula (1.32) can be understood in terms of (a group of) translations on the extended Hilbert space
We introduce the normalized extended radial translationT ex (τ ) :
in terms of the self-adjoint operator
We also note that the relation x =ỹ ex (r − r 0 , σ) of (1.32) naturally defines an embedding S r ⊆ S given as the map S r ∋ x → σ ∈ S. We shall sometimes slightly abuse notation and write σ ∈ S r , leaving it to the reader to decide from the context whether σ should be thought of as a point in the subset S r of M or rather as a point in the image of this map. [IS3] . We need additional assumptions. The following one suffices for constructing the distorted Fourier transform. Condition 1.14. Along with Condition 1.12, Condition 1.7 holds with 2β c = min{σ, τ, ρ} > 1.
Review of results from
(1.33)
In addition, the functionsb =b(λ, x) and q 1 (x) have real C 1 -extensions to I × M ex and M ex , respectively, say denoted byb ex and q ex 1 (or for short byb and q 1 again), and the following bound holds uniformly in the spherical coordinates on E and locally uniformly in λ ∈ I:
We remark that if M ex = M the technical bound (1.34) is a consequence of (parts of) the other conditions and the bound (3.29). The extension of q 1 is needed for Dollard type potentials discussed in Subsections 2.2 and 2.4.
For any ψ ∈ H 1+ and r ≥ r 0 we introduce a function ξ(r) ∈ G using the mapping (1.32), omitting here (and often henceforth) the superscript 'ex':
(and = 0 for σ / ∈ S r ) or, alternatively,
The G-valued function ξ har a limit for r → ∞ allowing us to define the "distorted Fourier transform" by
(1.37) Theorem 1.15. Suppose Condition 1.14. Then for any ψ ∈ H 1+ there exist the limits (1.37). The maps
, and we note that our construction of F ± (λ)ψ is non-canonical primarily due to the freedom in choosing G. In fact for M ex = M the only non-canonical feature comes from the dependence of r 0 (determining G in that case), while in general there is an additional freedom in choosing extended functions.
Due to (1.38) the operators F ± (λ) extend as continuous operators B → G, and for any ψ ∈ B the maps F ± ( · )ψ ∈ G are continuous. In Proposition 1.16 stated below we give a formula for these extensions. Introduce
set H I = HP H (I) and let M λ be the operator of multiplication by λ on H I . We define
These operators can be extended to proper spaces which is stated as the first part of the following result.
Proposition 1.16. Suppose Condition 1.14. The operators F ± considered as maps B ∩ H I → H I extend uniquely to isometries H I → H I . These extensions obey
Moreover for any ψ ∈ B the vectors F ± (λ)ψ are given as averaged limits. More precisely introducing for any such ψ the integral − R ξ(r) dr := R −1 2R R ξ(r) dr, these vectors are given as 40) and the limits (1.40) are attained locally uniformly in λ ∈ I.
The above extended isometries F ± : H I → H I are actually unitary under an additional condition, and for this reason we call them the Fourier transforms associated with H I . This condition consists of two alternatives. The first one is a partial strengthening of Condition 1.14. The other one is primarily a set of bounds on higher order derivatives of various quantities defined on M.
For simplicity for any smooth function f on M let us set
, coincide with first and second order derivatives computed by the Levi-Civita connections on the r-spheres S r associated with the induced Riemannian metrics g r := ι * r g. Condition 1.17. In addition to Condition 1.14 with the extensionb ex being C 2 one of the following properties holds:
(1) min{σ, τ, ρ} > 2.
( 1.42) (2) The restriction q 1|E belongs to C 2 (E), and there exists C > 0 such that
and
We also remark that the additional smoothness condition onb ex in the case of (1) is needed only in the proof of Lemma 3.7 (actually it is only the smoothness in λ that is used there). Theorem 1.18. Suppose Condition 1.17. Then the operators F ± : H I → H I are unitarily diagonalizing transforms for H I , that is, they are unitary and
respectively.
Under Condition 1.17 and for any λ ∈ I the scattering matrix S(λ) : G → G is defined by the identity
, and hence, with Theorem 1.15, Proposition 1.16 and a density argument, S(·) is a well-defined strongly continuous unitary operator. We state below a characterization of the generalized eigenfunctions in N ∩ B * , i.e. the elements of
Due to Theorem 1.4 these eigenfunctions may be called minimum. We introduce for any ξ ∈ G purely outgoing/incoming approximate generalized eigenfunctions
* in terms of the spherical coordinates by
Of course these quantities are well-defined independently of all the estimates of Conditions 1.14 and 1.17. We remark that formulas like (1.45) in the context of Schrödinger operators are referred to as (zeroth order) WKB-approximations.
Theorem 1.19. Suppose Condition 1.17. Then for any λ ∈ I the following assertions hold.
(i) For any one of ξ ± ∈ G or φ ∈ E λ the two other quantities in {ξ − , ξ + , φ} uniquely exist such that
(ii) The correspondences in (1.46a) are given by the formulas (recall (1.36))
In particular the wave matrices
Finally we give an application of our results to channel scattering theory addressed, but treated very differently, in [HPW] . Suppose M ex has N ≥ 2 number of ends, i.e.
Then the Hilbert space G splits as
and, accordingly, the scattering matrix S(λ) has a matrix representation
Corollary 1.20. Suppose Condition 1.17, and that E ex has N number of ends. For any λ ∈ I let the scattering matrix S(λ) be decomposed into components as above. Then the off-diagonal components, S ij (λ) with i = j, are one-to-one mappings.
We note that Corollary 1.20 may be seen as a stationary solution to conjectures of [HPW] , see [HPW, Remark 5.7] . We shall develop the time-dependent version of this result, more directly addressing conjectures of [HPW] .
Main results
We present our results deferring the main parts of the proofs to Section 3. 2.1. General results for long-range models. According to the arguments of Subsection 1.5 we introduce the following free comparison dynamics defined on H I in (1.39), employing the purely outgoing/incoming approximate generalized eigenfunctions (1.45): For any t ≥ 0 and h ∈ C 1 c (I × S) ⊆ H I we let
In Lemma 3.2 we will see that U ± (t)h ∈ H for any t ≥ 0 and h ∈ C 1 c (I × S). A consequence of Lemma 3.3 is that these dynamics are asymptotically isometric, i.e. lim t→∞ U ± (t)h H = h H I . We also note the time reversal invariance property
Theorem 2.1. Suppose Condition 1.17. Then for any h ∈ C 2 c (I × S) there exist the limits
These limits W ± extend uniquely to unitary operators W ± : H I → H I , and
respectively. Whence the wave operators W ± are complete on I.
In the proof of Theorem 2.1 we will use a more simplified free dynamics, which comes about as the leading term of (2.1) extracted by the stationary phase argument, see Lemma 3.3. We also note that for so-called short-range and Dollard type models there are further simplified dynamics for which the analogues of Theorem 2.1 hold. This will be discussed later in this section. Now let us apply Theorem 2.1 to one aspect of channel scattering theory. In the N-ends setting as in Corollary 1.20 let us consider the orthogonal projections
Clearly these projections non-trivially resolve the space H I :
It is not difficult to see by the stationary phase method (or by using (3.4c), (3.10) and (3.13) directly) that these projections have dynamical representations
and hence we can interpret that P ± i describe the initial/final state components of wave packets that go to/come from the i-th end E i ∩ M, respectively. Then the following corollary says that any wave packet coming from one end, say the j-th end, always enters all the others.
Corollary 2.2. Suppose the conditions of Corollary 1.20, and let P ± i , i = 1, . . . , N, be defined by (2.4). For any i, j ∈ {1, . . . , N} with i = j and for any nonzero
Proof. Let i = j, and suppose 0 = ψ ∈ P − j H I . By Theorem 2.1 we have P
from which we can deduce that P + i ψ = 0 thanks to Corollary 1.20. In the above discussion and proof we identified 'dynamical transmission' and 'spectral transmission'. In the literature a similar identification has been shown for reflection for 1-dim Schrödinger operators, see [LPPZ] for a recent contribution.
2.2. Short-range and Dollard classes of perturbations. The conditions in Section 1.1 are satisfied for the free Euclidean and hyperbolic spaces, and hence also for their perturbations to some extent. In fact perturbations of long-range types are allowed in Section 1.1, and the results so far are the most general ones holding for such long-range models. However in certain more restrictive settings it is possible to show versions of Theorem 2.1 with considerably simpler comparison dynamics and phase modifiers.
Here let us precisely formulate the notions of short-range and Dollard types of the effective potential q assuming Condition 1.14. We will discuss the corresponding simplifications in the following subsections.
We introduce the following quantity using spherical coordinates
Note that λ 0 (σ) ≤ λ 0 for all σ ∈ S.
Definition 2.3. The effective potential q = q 1 + q 2 of Condition 1.3 is said to be of short-range type, if there exist ǫ, C > 0 such that uniformly in the spherical coordinates on E 2(λ − λ 0 (σ)) for r > r 0 /2. Upon replacing dr by dr ex we shall use this definition on E ex as well. The effective potential q not necessarily of short-range type is said to be of longrange type. The manifold (M, g) is said to be of short-range or long-range type if q is of short-range or long-range type when V = 0, respectively. Definition 2.4. The effective potential q = q 1 + q 2 of Condition 1.3 is said to be of Dollard type, if there exist ǫ, C > 0 such that uniformly in the spherical coordinates on E
Note the following consequence of q being of Dollard type: Locally uniformly in
for r > r 0 .
Upon replacing q 1 by q ex 1 (the latter function introduced in Condition 1.14) we shall use this definition on E ex as well. Clearly a q of short-range type is also of Dollard type. The Dollard type is a particular long-range type for which certain approximations work. We will elaborate on this in Corollary 2.10 and Theorem 2.11. In the Schrödinger operator literature this is usually accredited Dollard, [Do] .
We remark that, if M ex = M, obviously (2.5b) and (2.6b) follow from (2.5a) and (2.6a), respectively.
2.3. Simplification for short-range models. Here we discuss simplifications of the main result, Theorem 2.1, for a short-range model. At the end of the subsection we also discuss a comparison with the setting of [IS1] .
2.3.1. Simplification. Assume that the effective potential q is of short-range type. For simplicity we also assume We first present a simplified version of the distorted Fourier transforms.
Corollary 2.5. In addition to Condition 1.14, suppose that q is of short-range type, and that (2.7) holds.
(1) For any λ ∈ I and ψ ∈ B there exist F
In addition, F ± sr (λ)ψ are separately continuous in λ ∈ I and ψ ∈ G.
(2) The operators
considered as mappings B ∩H I → H I extend uniquely to isometric operators H I → H I . (3) The above F ± sr are related to F ± as follows:
Proof. The assertions are immediate consequences of the assumptions and our previous results, that is more precisely, those reviewed in Section 1.1 and [IS3, Lemma 3.13].
A simplified free dynamics for a short-range model may be constructed just by replacing φ ± by φ ± sr in (2.1), but here let us go one step forward. According to the stationary phase argument, cf. Lemma 3.3, we should for h ∈ H I and t > 0 study
where
Note that U respectively. Whence the wave operators W ± sr are complete on I. We note that the standard hyperbolic space fits into this framework with a positive constant λ 0 (σ) ≡ λ 0 > 0, and the Euclidean space does so with the zero constant λ 0 (σ) ≡ 0. [IS1] . Next we furthermore assume λ 0 (σ) ≡ 0 and compare Theorem 2.6 with the main result of [IS1] on existence and completeness of wave operators on asymptotically Euclidean manifolds.
Comparison with
We begin with a comparison of the settings. For reference let us quote below the conditions of [IS1] in a form suitable for comparison.
Condition 2.7. Let (M, g) be a connected and complete Riemannian manifold, and let V ∈ L ∞ (M) be real-valued. There exist a function r ∈ C ∞ (M) with image r(M) = [1, ∞) and constants δ, κ, η, C > 0 and r 0 ≥ 2 such that:
(1) The r-balls {x ∈ M | r(x) < R}, R > 0, are relatively compact in M.
(2) The following relations hold for r(x) ≥ r 0 /2:
The following estimates hold globally on M for α = 0, 1:
Condition 2.7 above would seem quite different from the setting of [IS1] , but obviously Condition 2.7 follows from Conditions 1.1-1.4 of [IS1] . On the other hand, Condition 2.7 constitutes what is used in the proofs of [IS1] , and consequently the results of [IS1] remain valid under Condition 2.7. Hence we may regard Condition 2.7 exactly as the setting of [IS1] .
The setting of this paper may be considered slightly more restrictive than that of [IS1] . In fact, we have the following lemma (with obvious proof).
Lemma 2.8. Suppose Condition 2.7 with a splitting V = V 1 + V 2 such that
Then Condition 1.14 is satisfied for
In addition, if (1.43a) and (1.43d) hold, then Condition 1.17 is also satisfied.
If λ 0 (σ) ≡ 0 the simplified comparison dynamics U ± sr (t) defined by (2.9) coincides with the comparison dynamics of [IS1] . This observation will allow us to employ the existence of the wave operator Ω + from [IS1] to deduce the assertions of Theorem 2.6 without imposing the stronger Condition 1.17. In particular this shows a stationary representation of Ω + . Whence we conclude the following alternative version of Theorem 2.6. Since Condition 1.17 is missing, F ± sr : H I → H I can be constructed only as isometries by the arguments of [IS2, IS3] . However, we can deduce unitarity of F ± sr from (2.14) without Condition 1.17.
Simplification for Dollard type models.
Similarly to the short-range case we can simplify our main result Theorem 2.1 for the Dollard case too. Here we assume that q is of Dollard type and also that (2.7) holds. Then we set for r > r 0
and for ξ ∈ G
Note that b do is the first order approximation of b as r → ∞. By mimicking the proof of Corollary 2.5 we obtain the following result.
Corollary 2.10. In addition to Condition 1.14, suppose that q is of Dollard type, and that (2.7) holds.
In addition, F ± do (λ)ψ are separately continuous in λ ∈ I and ψ ∈ G.
considered as mappings B ∩H I → H I extend uniquely to isometric operators H I → H I . (3) The above F ± do are related to F ± as follows:
As for the short-range type dynamics the Dollard type dynamics are asymptotically isometric families of contractions. respectively. Whence the wave operators W ± do are complete on I. Similarly to the previous subsection, the standard hyperbolic space and the Euclidean space fit also into this framework with a positive constant λ 0 (σ) ≡ λ 0 > 0 and the zero constant λ 0 (σ) ≡ 0, respectively.
Proofs

Leading asymptotics of comparison dynamics.
Here we study basic properties of the comparison dynamics U ± (t) defined by (2.1). The main result of this subsection is Lemma 3.3, which extracts the leading asymptotics of U ± (t)h as t → ∞. Actually, the integrand of (2.1) has an oscillatory factor with phase
and we are going to employ the one-dimensional stationary phase argument; see [II] for a somewhat related analysis in higher dimensions. Throughout this subsection we assume Condition 1.14, and all proofs are given only for the upper sign, since this is sufficient due to time reversal invariance.
For technical reasons it turns out to be appropriate to use the stationary phase method with a modified phase depending on h. We will choose a constant r 1 ≥ r 0 depending on supp h and consider a stationary point of the function
instead of the function Θ of (3.1). We study such stationary point in the following lemma in which h at most enters in a disguised form: The parameters λ 1 > λ 0 and D ⊆ S in the lemma will later be chosen by the requirement supp h ⊆ (λ 1 , ∞) × D after having fixed h ∈ C 1 c (I × S). Lemma 3.1. Let λ 1 > λ 0 and D ⊆ S be a relatively compact open subset. Fix r 1 ≥ r 0 such that
where r λ is defined in agreement with (1.20). With Θ 1 given by (3.2) in terms of this r 1 we set
For any (t, r, σ) ∈ Ω c there exists a unique solution λ c > λ 1 to the equation
This solution λ c = λ c (t, r, σ) is C 1 (more generally C k if q 1 is C k ) and satisfies
In addition, there exist constants c, C > 0 such that for any (t, r, σ)
Moreover, letting
the following identities hold:
In particular K 1 is a solution to the Hamilton-Jacobi equation
Proof. We first note that thanks to (3.3a) we have the following expressions when λ ≥ λ 1 and (r, σ) ∈ [r 1 , ∞) × D:
For any fixed (t, r, σ) ∈ Ω c the quantity (3.6b) is positive for λ = λ 1 , monotonically decreasing in λ > λ 1 , and takes negative values for large λ > λ 1 . Hence there exists a unique solution λ c = λ c (t, r, σ) to (3.4a), and by the implicit function theorem it is C 1 .
Noting the expression (3.6b), we can differentiate (3.4a), and obtain formulas
which verifies (3.4b). The bounds in (3.4c) are verified easily by inserting λ = λ c in (3.6b) (taken equal to zero) and estimating the integral using (1.20). (In fact by this argument the upper bound of (3.4c) holds with C = 1.) We can verify the formulas in (3.5b) by differentiating the definition (3.5a) and using (3.4a) and (3.6a). Obviously (3.5c) is a consequence of (3.5b).
We can now show a basic property of U ± (t)h defined by (2.1).
Lemma 3.2. For each t ≥ 0 and h ∈ C 1 c (I × S) the functions U ± (t)h belong to H.
Proof. Let h ∈ C 1 c (I × S) and T > 0 be given. It suffices to show that the function [0, T ] ∋ t → U + (t)h ∈ H is well-defined and continuous. We pick a number λ 1 > λ 0 and a relatively compact open subset D ⊆ S such that
(3.8)
We fix r 1 ≥ r 0 satisfying (3.3a) in agreement with Lemma 3.1 with input given by the above λ 1 and D. Let us write for short, using (3.2),
Note that indeed Θ − Θ 1 is independent of (t, r), and we omit these variables:
We also note that Φ(λ, · ) belongs to B * uniformly in λ ∈ I. With an extra decay factor r −δ , δ > 1/2, obviously we obtain a vector in H. In particular χ n U + (t)h for any n, and this leads us to considerχ n U + (t)h only. We choose and fix n so large that R n = 2 n > r 1 and that for some c, C > 0 the bounds
These bounds are immediate from the formulas (3.6b) and (3.6c). We insert e iΘ 1 = (i∂ λ Θ 1 ) −1 ∂ λ e iΘ 1 in (3.9) and do a single integration by parts, which is legitimate since e i(Θ−Θ 1 ) h ∈ C 1 . The bounds provide an extra decay factor r −1 forχ n U + (t)h. Hence we have shown that U + (t)h ∈ H for t ≤ T .
The continuity statement follows from the resulting representation of U ± (t)h after doing the integration by parts; we omit the details. Now letting h ∈ C 1 c (I × S) be given we aim at extracting the leading term of U ± (t)h as t → ∞. As in the proof of Lemma 3.2 we can take a number λ 1 > λ 0 and a relatively compact open subset D ⊆ S such that (3.8) is fulfilled. Again we fix r 1 ≥ r 0 satisfying (3.3a) in agreement with Lemma 3.1 with input given by the above λ 1 and D. Let λ c = λ c (t, r, σ) be the solution to (3.4a). Then we set Ω c (t) = {(r, σ)| (t, r, σ) ∈ Ω c }; t > 0, and
where K(t, r, σ) = Θ(λ c (t, r, σ), t, r, σ).
The factor 1 Ωc(t) is essentially redundant, since the support of the factor h(λ c (t, ·), ·) is contained in Ω c (t) which in turn is an easy consequence of (3.4c). In fact it is not difficult to show using (3.4c) and (3.7) that U ± 0 (t)h ∈ C 1 c (M) for any t > 0. We also note that the right-hand side of (3.10) depends on a choice of parameters λ 1 , D and r 1 which possibly have a non-linear dependence of h. Hence the operatorlike notation U ± 0 (t) is somewhat abuse of notation, however we prefer to use it for simplicity. Lemma 3.3. Under the above assumptions U ± 0 (·)h are continuously differentiable H-valued functions in t > 0, and satisfy that for all t > 0
respectively. Moreover,
> 0 on Ω c we see that λ c as a function of r only is defined on a half-axis, say (r c (t, σ), ∞). In fact we know from (3.7) that λ c (t, ·, σ) is increasing. Thanks to (3.4c) this function tends to ∞ as r → ∞. The left end point r = r c (t, σ) is the biggest solution to the equation
and it is easy to see that λ c (t, r, σ) → λ 1 for r ց r c (t, σ).
Due to these remarks the norm identity (3.11) follows by first writing the square of the left-hand side as an integral in the spherical coordinates (r, σ) and then changing to the variables (λ, σ) = (λ c (t, r, σ), σ). Obviously this also verifies that U + 0 (·)h is H-valued.
Step II. Next, we show (3.12), which in particular implies the continuous differentiability of U + 0 (·)h. To compute the derivative as (3.12) let us write (3.10) as
We differentiate (3.14) in t > 0. The factor 1 Ωc can be ignored, cf. the a discussion above the lemma. Note also that due to (3.7) the quantities ∂ t λ c and ∂ r λ c are C 1 . By (3.5b) and (3.5c) we have
(3.15)
Next, using (3.4b), we can compute
so that
Finally by (3.4b) again we have
(3.17)
Using (3.15), (3.16), (3.17) and the product rule we obtain
λc + q 1 , and hence (3.12) follows.
Step III. It remains to show (3.13). We are going to apply the stationary phase method, and we start by doing some cut-offs. Using again (3.9) we note (as before) that Φ(λ, · ) belongs to B * uniformly in λ ∈ I and that with an extra decay factor r −1/2−ǫ , ǫ > 0, we obtain a vector in H. For any M > m > 0 we can split the integral as
Using the expression (3.6b) we can pick m > 0 small enough such that for some c 1 > 0 the following bound holds for all large t uniformly in r > r 1 , r/t ≤ m and (λ, σ) ∈ supp h:
With (3.19) and (3.6c) we can treat the second term on the right-hand side of (3.18) by an integration parts, yielding that
The third term is treated similarly by using the phase function −λt instead of Θ 1 , yielding the same bound.
Similarly by taking M > 0 large enough (this part is very similar to the proof of Lemma 3.2), we can bound the fourth term of (3.18) as
Next, let us consider the fifth term. By (3.3b), (3.6c) and (3.8) it follows that for large t > 0 and on supp 1
Whence by an integration by parts we obtain the bound O(t −1/2 ) again:
Step IV. It remains to compare the first term of (3.18) with (3.14). Let us look at the phase in (3.18) in more detail. By a Taylor expansion we have, assuming the front factor 1 (m,M ) (r/t)1 Ωc(t) (r, σ) = 1, 20) where
Since by (3.6c) and (3.7)
we can do the Gaussian integration in the first term of (3.20) (see for example [Hö, Theorem 7.6 .1]) and obtain using (3.4c) that
Hence we are left with bounding the three other terms of (3.20). To bound the second term of (3.20) we use an integration by parts, noting
This yields an extra decay factor t −1+δ along with the cut-off 1 (m,M ) (r/t). We also recall that Φ(λ, ·) belongs to B * uniformly in λ ∈ I, so that with 1 (m,M ) (r/t)
To bound the third term of (3.20) let us implement yet another integration by parts:
Here, including the cut-off 1 (m,M ) (r/t)1 Ωc(t) (·) and taking note of the integration region I \ I c , we have
so that the contributions from the boundary terms in (3.22) are estimated as
Moreover, by the product rule, a part of the integral in (3.22) estimated as
The other contribution in (3.22) comes from differentiating the factor (i∂ λ Θ 1 ) −1 , and we can then use
Since δ < 1/2 the right-hand side is decaying. The bound leads to the estimate O H (t −1/2+2δ ), however by repeated integrations by parts, we can estimate this contribution in (3.22) as O H (t −1/2+δ ). To sum up we obtain
Finally for the fourth term of (3.20) we write
and perform one integration by parts. Using the van der Corput Lemma, cf. [St, p. 332], we then obtain
The bounds (3.21), (3.23) and (3.24) are optimized by taking δ = 3/8. Hence we obtain the desired asymptotics (3.13).
3.2. Separation of radial and angular variables. In this subsection we quote results from [IS3] concerning properties of the tensor ℓ. The statements are given in a self-contained manner; we refer to [IS3, Section 2] for proofs. It is clear from (1.29) that we naturally have the identification
Such a decomposition holds also for the Riemannian metric, and hence for the Laplace-Beltrami operator.
Lemma 3.4. Suppose Condition 1.1. Then in the spherical coordinates (r, σ) = (r, σ 2 , . . . , σ d ) in E one has
where the Greek indices run over 2, . . . , d. In particular, by the definition (1.5), the tensor ℓ coincides with the spherical part of g:
and the operator L can be identified with a direct sum:
where L r is the Laplace-Beltrami operator on S r with respect to the induced metric g r := ι * r g and the (non-Riemannian) density dÃ r , i.e., 
We can at this point use local coordinates of S to define and implement the integration, since in any case clearly the radial derivative ∂ r does not enter. Hence in what follows we may consider L r as a self-adjoint operator on G r defined by the Friedrichs extension of (3.26) from C 
The following formula will be useful when we compute and estimate the second spherical derivative L. 27) where ∇ ′2 f is defined in (1.41), and
(3.28)
Here the Roman and the Greek indices are those concerning x andỹ =ỹ(t, x), respectively, differently from those in Lemma 3.4. In addition, in the spherical coordinates in E the first term on the right-hand side of (3.27) does not contain an r-derivative of f , and neither does the second term.
Lemma 3.5 motivates us to estimate ∂ iỹ α and Lỹ. We can estimate the former quantity through the push-forward ℓ * (t, x) of ℓ(x) under the mapỹ(t, · ), defined by
On the the other hand, introducing a "backwards hitting time" for x ∈ E by
for any x ∈ E and t ∈ (−r bht (x), 0] the quantity (Lỹ α (t, x)) α=1,...,d defines a tangent vector atỹ(t, x) ∈ E. It is in fact tangent to the r-sphere Sỹ (t,x) = S r(x)+t due to Lỹ r = 0.
Lemma 3.6. Suppose Conditions 1.1 and 1.2 (and σ ∈ (0, σ ′ )). Then for all x ∈ E and t ∈ (−r bht (x), 0]
as quadratic forms on the fibers of the cotangent bundle. In spherical coordinates the estimate (3.29) reads: For any r > s ≥ r 0 and σ ∈ S s ⊆ S ℓ(r, σ)
If in addition (1.43a) is fullfilled, then there exists C > 0 such that uniformly in x ∈ E and t ∈ (−r bht (x), 0] (3.31) 3.3. Proof for general long-range model. In this subsection we show Theorem 2.1.
Lemma 3.7. Suppose Condition 1.17. Then for any h ∈ C 2 c (I × S) there exist the limits (2.2).
Proof. We shall employ the Cook-Kuroda method and Lemma 3.3. Due to time reversal invariance it suffices to consider the upper sign. Let h ∈ C 2 c (I × S) be given. We divide the proof into three steps. In the third step we treat the two cases of Condition 1.17.
Step I. We prepare for applying the Cook-Kuroda method by introducing an energy cut-offχ n (H + C). Pick C > 0 such that H + C ≥ 0, and introduce U + 0 (t)h by (3.10). Here we are going to show that
(3.32)
By the Chebyshev type inequality we have
n H + C U + 0 (t)h , and hence in order to prove (3.32) it suffices to show that
(3.33)
To prove (3.33) let us write (3.10) for short as 34) where
From this representation we obtain using (3.5b) and (3.7) that
Therefore it suffices to show that
but here for later use we are going to show a sharper estimate for any β ∈ (0, β c ) 
As for the first to third terms of (3.36), if we note the isometry properties, cf. (3.11) and similar identity holding for (∂ r λ c ) 1/2 (∂ λ Z) |λ=λc due to a change of variables, it suffices to show that sup t≥1,(t,r,σ)∈Ωc
We compute using (3.4a), (3.5a) and (3.6b)
, so that by (3.30) and (3.4c) for (t, r, σ) ∈ Ω c
(3.38)
Similarly, since we have 39) it follows that sup (t,r,σ)∈Ωc
We also compute using (3.7)
so by estimating similarly again we obtain sup (t,r,σ)∈Ωc
We have shown that the first to third terms of (3.36) satisfy the desired estimate. The fourth term of (3.36) can be bounded similarly using (3.30) and a change of variables. Hence we obtain (3.35), and in particular (3.33).
Step II. Here we reduce the proof of the lemma to the following estimate involving L where χ = χ n (H + C):
Due to (3.13) and (3.32) the lemma follows if we can show that for any large n ≥ 1
Whence in turn it suffices to show that
By the expressions (1.12) and (3.12) we can write
This leads to the formula
Whence, if we can verify (3.43) and 45) then (3.44) follows and the proof is done. Now let us prove (3.45). We use the product rule and (3.7) to compute
Only the term
needs examination. In turn, when we expand it further, only a single term might not contribute in agreement with (3.45). This is a term that contains a second order derivative of q 12 . Explicitly it may be expressed as
that possibly do not seem to agree with (3.45). However since ∂ r q 12 = O r
we can pull the operator p r to the left in the corresponding time-integral, bound it with the factor χ (note that indeed χp r is bounded) and then use that t −1−ρ/2 is integrable. Hence (3.45) is verified, and the proof of the lemma reduces to (3.43).
Step III. Finally we verify the estimate (3.43) by using Condition 1.17.
First we assume (1) of Condition 1.17. To prove the estimate (3.43) it suffices to show
However, this bound is easily verified by noting that (3.35) is valid for some β > 1 in this case.
Hence for the rest of the proof we assume (2) of Condition 1.17. Using the fibration (3.25) of L in spherical coordinates and the notation as in (3.34), we can write 46) cf. (3.36). Similarly to Step II, we can show that the fifth to thirteenth terms of (3.46) are O(t −2β ) for any β ∈ (0, β c ). Here we in particular implemented (3.37) and the isometric properties due to a change of variables. To bound the first term of (3.46) we first compute by (3.4a), (3.5a), (3.6b) and (3.27) that
.
Then by (3.30), (3.31) and (2) of Condition 1.17 we obtain that the first term of (3.46) is O(t −2β ) for any β ∈ (0, β c ). The second to fourth terms of (3.46) are treated basically in the same manner as the first. We first use the formula (3.27) with t = 0 to reduce the estimate to those of
The first order derivatives are already estimated in Step II. The second order derivatives are computed, e.g., from (3.39) and (3.41), and then estimated similarly. Hence we can conclude that L r U + 0 h is O(t −2β ) for any β ∈ (0, β c ), and this in particular implies the integrability (3.43).
Next we extend the wave operator to a bounded operator W ± : H I → H I and show (2.3).
Lemma 3.8. Suppose Condition 1.14 and that there exist the limits (2.2) for any h ∈ C 2 c (I × S). Then W ± extend to isometric operators W ± : H I → H I , and (2.3) holds. In particular W ± : H I → H I are unitary.
Proof. Again only the upper sign is considered. Due to (3.11) and (3.13) the operator W + is isometric. The property (2.3) (to be shown) implies the unitarity. Whence it suffices to show that W + maps into H I and that (2.3) is fulfilled.
We shall proceed partially following [HS, Appendix A] . For any h ∈ C 2 c (I × S) and ψ ∈ H 1+ ∩ H here the cut-off functionχ n is chosen with n big enough (possibly depending on h) to assure the propertyχ n φ + λ [h(λ)] ∈ N for all λ. Moreover, here and below, we use the L 2 -pairing of the spaces H s and H −s for any real s (denoted by · , · as the inner product). Note that by commutation we may bound We shall compute the double limit by an integration by parts procedure first rewriting the integrand by using the spherical decomposition formula [IS3, (2.8a) We can compute the m-limit from this representation, however since we need to compute a double limit it turns out to be better to compute the ǫ-limit first. This change of order is legitimate since the m-limit exists uniformly in small ǫ due to Theorem 1.8 and (3.29) (at this point Condition 1.14 is crucial). By taking the ǫ-limit inside the λ-integrals we can then compute the m-limit for each term after picking up (for T 1 ) the factor χ ′ m (i.e. the r-derivative of χ m ) from a commutation (precisely as in the proof of [IS3, Theorem 1.14] ). Now the corresponding term does contribute in the m-limit and we obtain the following formula, abbreviating φ = R(λ + i0)ψ, Let us consider ψ = f (H)ψ where f ∈ C ∞ c (R) andψ ∈ H 1+ ∩ H 1 . We obtain from (3.47) that
Clearly if f is chosen such that f (λ)h(λ, ·) = h(λ, ·) for all λ the right-hand side vanishes and whence by density we conclude that W + maps into H I and extends to an isometry W + :H I → H I . Moreover by choosing f ∈ C ∞ c (I) andψ ∈ H 1+ and then using ψ = f (H)ψ in (3.47) it follows (again by density) that (W + ) * ψ = F + ψ for all ψ ∈ H I showing (2.3).
Theorem 2.1 is a direct consequence of Lemmas 3.7 and 3.8. In fact using only Lemma 3.8 we obtain a version of Theorem 1.18 without need for Condition 1.17.
Corollary 3.9. Suppose Condition 1.14 and that there exist the limits (2.2) for any h ∈ C 2 c (I × S). Then the operators F ± : H I → H I are unitary diagonalizing transformations.
Proof. We know that F + is an isometry, and hence it suffices to show that F + is onto. But since W + is an isometry the conclusion follows from (2.3).
3.4. Proofs for short-range and Dollard type models. In this subsection we prove Theorems 2.6 and 2.9 stated in Subsection 2.3 under the short-range assumption and Theorem 2.11 stated in Subsection 2.4 under the Dollard type assumption. Let us begin with the proof of Theorem 2.11 since the short-range model can be treated easily using a bound from the proof. It suffices to do the upper case due to time reversal invariance.
Proof of Theorem 2.11. Let θ = θ(σ, λ) be the real-valued function appearing in Corollary 2.10. Fix any h ∈ C 2 c (I × S) and corresponding quantities λ 1 , D and r 1 (determining U + 0 (t)h by (3.10)). In order to prove the existence of the limit (2.16) for this h it suffices to show that 
cf. Theorem 2.1 and Lemma 3.3. By the properties of h we can find λ 2 > λ 1 such that λ ≤ λ 2 on supp h. Then, recalling the quantities of (3.10), we let Ω 2 c (t) = {(r, t) ∈ Ω c (t)| λ c ≤ λ 2 }. First we note U + 0 (t)h = h ≥ U + do (t)ȟ , reducing the proof of (3.48) to showing 1 Ω 2 c (t) U + do (t)ȟ − U + 0 (t)h → 0 as t → ∞.
(3.49)
